We present a new interrogation scheme for the next generation of quantum clocks to suppress frequency-shifts induced by laser probing fields themselves based on Generalized Hyper-Ramsey resonances. Sequences of composite laser pulses with specific selection of phases, frequency detunings and durations are combined to generate a very efficient and robust frequency locking signal with almost a perfect elimination of the light-shift from off resonant states and to decouple the unperturbed frequency measurement from the laser's intensity. The frequency lock point generated from synthesized error signals using either π/4 or 3π/4 laser phase-steps during the intermediate pulse is tightly protected against large laser pulse area variations and errors in potentially applied frequency shift compensations. Quantum clocks based on weakly allowed or completely forbidden optical transitions in atoms, ions, molecules and nuclei will benefit from these hyper-stable laser frequency stabilization schemes to reach relative accuracies below the 10 −18 level. The next generation of optical-frequency standards based on an ensemble of neutral atoms or a single-ion will provide new very stringent tests in metrology, applied and fundamental physics [1] . Atomic clocks using cold fermionic species trapped in 1D optical lattices [2] , now surpassing the accuracy of caesium atomic fountains, have clearly demonstrated the potential to establish a breakthrough in ultra-high precision measurement achieving soon a relative 10 −18 level of accuracy. For both bosonic and fermionic species, the cold collisions and the light-shifts contributions from the optical lattice or from the probe laser have been intensively explored and mitigated [3, 4] . In a recent investigation of the fermionic 87 Sr optical lattice clock [5] , the lattice and the probe laser light-shift corrections were characterized at the 1 × 10 −18 relative level of uncertainty. Instead probe light-shifts represent a non negligeable issue for clocks based on bosonic neutral atoms with forbidden dipole transitions activated by mixing static magnetic field with a single laser [6] [7] [8] [9] , for clocks with magic-wave induced transition in even isotopes [10] , with E1-M1 two-photon laser excitations [11] [12] [13] , for ionic systems with a single particle or highly charged systems [14, 15] , and molecular clocks [16] . Light-shifts are also important issues in high resolution spectroscopy and tests of theories [17] .
We present a new interrogation scheme for the next generation of quantum clocks to suppress frequency-shifts induced by laser probing fields themselves based on Generalized Hyper-Ramsey resonances. Sequences of composite laser pulses with specific selection of phases, frequency detunings and durations are combined to generate a very efficient and robust frequency locking signal with almost a perfect elimination of the light-shift from off resonant states and to decouple the unperturbed frequency measurement from the laser's intensity. The frequency lock point generated from synthesized error signals using either π/4 or 3π/4 laser phase-steps during the intermediate pulse is tightly protected against large laser pulse area variations and errors in potentially applied frequency shift compensations. Quantum clocks based on weakly allowed or completely forbidden optical transitions in atoms, ions, molecules and nuclei will benefit from these hyper-stable laser frequency stabilization schemes to reach relative accuracies below the 10 −18 level. The next generation of optical-frequency standards based on an ensemble of neutral atoms or a single-ion will provide new very stringent tests in metrology, applied and fundamental physics [1] . Atomic clocks using cold fermionic species trapped in 1D optical lattices [2] , now surpassing the accuracy of caesium atomic fountains, have clearly demonstrated the potential to establish a breakthrough in ultra-high precision measurement achieving soon a relative 10 −18 level of accuracy. For both bosonic and fermionic species, the cold collisions and the light-shifts contributions from the optical lattice or from the probe laser have been intensively explored and mitigated [3, 4] . In a recent investigation of the fermionic 87 Sr optical lattice clock [5] , the lattice and the probe laser light-shift corrections were characterized at the 1 × 10 −18 relative level of uncertainty. Instead probe light-shifts represent a non negligeable issue for clocks based on bosonic neutral atoms with forbidden dipole transitions activated by mixing static magnetic field with a single laser [6] [7] [8] [9] , for clocks with magic-wave induced transition in even isotopes [10] , with E1-M1 two-photon laser excitations [11] [12] [13] , for ionic systems with a single particle or highly charged systems [14, 15] , and molecular clocks [16] . Light-shifts are also important issues in high resolution spectroscopy and tests of theories [17] .
In order to reduce shifts and broadening due to inhomogeneous excitation conditions or shifts that are the result of the clock laser excitation itself, sequence of composite excitation pulses based on generalization of the Ramsey scheme [18] to more complex ones in- * E-mail address: thomas.zanon@upmc.fr cluding additional intermediate pulses with suitably selected frequency and phase steps have been introduced. These new techniques are denoted as Hyper-Ramsey HR schemes [19] or Generalized Hyper-Ramsey GHR resonances [20] , and were recently proposed for bosonic threelevel systems in Doppler-recoil free configurations using optical stimulated Raman transitions [21] . They have been demonstrated experimentally for the ultra-narrow electric octupole transition in the 171 Yb + clock [22] . As an additional issue for the operation of a very stable optical clock is the stability of the laser probing the clock transition, error signals based on HR schemes have thus been successfully tested to control or cancel probe laser drifts in a single ion clock [23] and in optical lattice trap with bosons [24] . A precise lock of the probe on the clock transition can be achieved by phase modulation instead of stepwise frequency depending on specific experimental conditions because it is less sensitive to asymmetry in the lineshape. In Ramsey-type schemes [18] , an error signal correcting the probe drift is obtained by alternately applying phase steps of ±π/2 to one of the excitation pulses while keeping the excitation frequency fixed [25] [26] [27] .
In this work we propose a very efficient and ultrastable laser frequency stabilization scheme with composite pulses which completely eliminates the light-shift arising from the laser probe itself while being strongly insensitive to associated large laser pulse area variations. The error signal within the novel scheme is derived from a control of the probe laser phase: a properly chosen sequence of phase-steps is introduced while applying the GHR clock resonance interrogation in order to realize a robust (and flexible) error signal. We are able to decouple the unperturbed frequency measurement from the laser intensity by producing a laser stabilization of the probe laser monitoring the atomic response to a . Time sequence of a composite threepulse Ramsey interrogation. Parameters of the composite pulse sequence are detuning δ l , complex field amplitude Ω l e iϕ l , pulse duration τ l where l = i,j,k and the two different free evolution times T1 and T2 between pulses. Phase step modulations ϕ l of the laser fields are applied to generate a specific and robust error signal.
phase rather than a frequency modulation. We verify the stability of the new locking scheme by simulations including potential variations of the laser power during the clock operation. The main physics behind our error correction scheme, based on ad-hoc designed laser probe pulse sequence and detection, is the symmetry of the atomic response functions with respect to the unshifted resonance frequency. By combining properly chosen symmetrical/antisymmetrical response functions into the error signal it is possible to recover the unperturbed clock frequency.
Consider a two-level system of the |g , |e clock states which is driven by a sequence of three laser pulses, as schematized in Fig. 1 . The basic elements of these sequences with composite pulses are presented in Tab. I. Each sequence is determined by the pulse areas θ i , θ j , θ k and free evolution times T 1 , T 2 . A laser field phase sequence ϕ l (l = i, j, k) is used by us as a novel control parameter. Various types of GHR sequences of composites pulses with different phase-step modulations are possible. By modifying their characteristics it is possible to produce sequences appropriate for very good control and correction in different experimental configurations. The present work introduces the phase steps into the probing schemes denoted as GHR 1 and GHR 2 of Table based on the analysis of [20] . The Table bottom line reports the values used for those phase-steps interrogation protocols. Our best results are obtained when a phase step ϕ j is applied only to the intermediate probe pulse, and we will denote this specific protocol as GHR(ϕ j ). Equivalent results are obtained by introducing the phase step to either GHR 1 or GHR 2 , but all the reported numerical results are based on the first one. For comparison we will examine also a phase-step modulation for the initial HR TABLE I: Composite pulse sequences. A sequence is made of three laser pulses labeled by their effective areas θ l , l = i, j, k, and one free evolution time T1 or T2. Rabi frequency is Ω = π/2τ corresponding to initial and final π/2 pulses. Phase-steps protocols are given for HR and GHR sequences.
protocol experimentally used in ion clocks [22, 23] .
Recalling the GHR treatment [20] , the atomic superposition of the clock following a pulse excitation is
characterized by the pulse area θ l = ω l τ l /2 with generalized Rabi frequency ω l = δ 2 l + Ω 2 l . If during the pulses, light-shifts from off-resonant states are present, a laser frequency step ∆ l is applied to the unperturbed δ probe detuning in order to rectify the anticipated shift, thus requiring a redefinition of frequency detunings as δ l = δ + ∆ l . Using the solution of the Schrödinger's equation, we write for the c g,e (θ l ) (l = i,j,k) transition amplitudes
including a phase factor of the form χ(θ l ) = exp −iδ l τ l 2 . The wave-function evolution driven by the pulse area θ l is given by a complex 2x2 spinor interaction matrix [20] :
The overall evolution by the pulsed excitations is given by a product of different matrices M(θ l ) for the laser pulses and M(δT 1 ) (M(δT 2 )) for the free evolutions without laser light during time T 1 ( T 2 ), respectively. Applying the above matrix to the c g (0) = 1, c e (0) = 0 initial conditions, the final expression of the complex amplitude is computed, leading to the transition probability P |g →|e expressed as
The measured spectroscopic signal is the fraction of the atomic population P |g →|e following the application of different phase-step modulations of the laser pulses within Eq. (4). The dispersive-shaped error signal ∆E is obtained by taking the difference between two spectroscopic signals with phase-steps having opposite sign as:
where we reference to the two phase-steps protocols introduced in Tab. I. An imperfect δν light-shift compensation leads to the ∆E = 0 clock lock condition for δ = δν = 0. Instead the correct target is to satisfy the lock condition with δ = 0.
To drastically suppress the probe induced shifts over very large uncompensated offsets, we use the GHR phasestep modulation from Tab. I where only the phase of the intermediate pulse experiences a step by ±π/4 or ±3π/4. Making use of Eq. (5a), we report the synthesized error signals with the GHR(ϕ j ) protocols for ϕ j = ±π/4 in Fig. 2(a) and for ϕ j = ±3π/4 in Fig. 2(b) .
We derive a simple analytical formula for the laser error signal, that provides a direct physical insight and a straightforward determination of the best parameters for the shift compensation. The full expression of the GHR error signal is found to be:
where tan Θ = G δ,∆ /H δ,∆ . Functions G δ,∆ and H δ,∆ are:
2 Ω 2 + cos 2θ (2 cos θ + cos 3θ) sin θ,
A good approximation can be made around the central dispersive feature when δ, ∆ ≪ Ω, with Ωτ ∼ π/2, leading to an analytical expression of ∆E GHR(ϕj) for the GHR protocol as: For instance, with parameter values of Fig. 2 , the fractional difference between results of Eq. (7) and Eq. (6) is less than 10 −3 in the range −0.1 Hz δ/2π 0.1 Hz for an uncompensated residual shift ∆/2π = 0.1 Hz.
Eq. (7) emphasizes the robustness of our correction scheme. For the optimum case ϕ j = ±π/4 or ϕ j = ±3π/4, a rapid analysis of the unperturbed sin(δT ) dependence appearing in Eq. (7) tells us that the frequency lock point does not suffer at all from residual offset errors. The error signal contrast is also nearly immune to strong ±10% variations of the laser field amplitude because of the (Ω/ω) 6 sin 4 2θ dependence and the required θ ∼ π/4 pulse area. By operating also near the minima/maxima of the sin 2ϕ j term, a large insensitivity to the exact phase values is obtained. The θ pulse area dependencies in Eqs. (6) and (7), as for the standard Ramsey pulses, allow a compensation for variations in the laser pulse parameters. In practice a not-constant Rabi frequency during rise and fall times may limit the validity of such results, and only numerical results for the specific experimental parameters allow to test the error signal stability. We compare now the GHR phase-step protocol to the HR protocol of Tab. I based on the error signal generated by Eq. (5b). By applying this last servo-locking scheme, the linear dependence of the ∆E HR error signal on small variations of the light-shifts is nearly totally removed except for a residual cubic correction [19, 20] . Fig. 3(a) reports the response of the HR frequency lock point to some residual offset ac Stark-shifts ∆ and Fig. 3(b) and (c) compare it, under the same conditions, to the GHR scheme result for the two possible phase-step modulations. Contrary to the HR protocol, in presence of large residual offsets due to imperfect compensation of light-shift, the ∆E GHR(π/4) and ∆E GHR(3π/4) error signals have a perfectly protected lock point which experiences a rotation around the unperturbed frequency, i.e., δ = 0, with a slightly reduced slope and a small distortion. Note that a reduced slope results in a clock stability reduction as the frequency stability scales as the inverse of the slope. The error signal behavior versus the residual shift for both GHR protocols are shown in Fig. 4 (a) and(b) for ten percent variations of Ω. An 10% error on the laser field amplitude modifies the slope value but does not degrade the locking range, the range of ∆ where the slope is not null. This frequency- locking bandwidth is governed by τ and it increases for smaller τ values. Fig. 5 compares both schemes, HR and GHR, in terms of the associated clock frequency-shift δν versus residual uncompensated offset corrections under a relative modification of ±10% of all pulse areas. For high residual offsets, the sensitivity of the error signal ∆E HR to laser intensity variation becomes more pronounced as opposed to the ∆E GHR(π/4) (or the ∆E GHR(3π/4) ) signal error which is immune as shown by the unperturbed red dots. It is worth to note that the clock frequency shift remains eliminated even in presence of those pulse area variations. From the previous analysis, both residual uncompensated offsets and pulse area variations are thus directly transferred to a slope reduction of error signals with no change in their frequency lock point. While the HR protocol has a residual uncompensated frequencyshift around 1-2 mHz over a 220 mHz residual offset, the GHR(π/4) or the GHR(3π/4) scheme lead to a total suppression of frequency-shifts induced by laser probing fields opening the access to a fractional level well below 10 −18 for any optical clock. We note recently that a different method based on modified Hyper-Ramsey spectroscopy with another phase-step modulation scheme has been proposed and successfully demonstrated on bosonic 88 Sr neutral atoms [24] , demonstrating automatic suppression of a sizable 2 × 10 −13 probe Stark shift to below 10 −16 even with very large errors in shift compensation.
The schemes presented here are well protected against the routinely considered sources of clock errors, as laser intensity variations and residual offsets induced by laser probe fields within an ideal trap environment. However the incredible accuracy level reached by the present (and future) optical clocks may require to examine some additional external error sources, as the atomic population relaxation and the laser linewidth (see very recent work by [28] ). The robustness of all schemes against these additional error sources should be tested, and the present Schrödinger equation approach cannot be directly applied. The schemes may thus become unstable and the robustness of the frequency lock point might be lost. For example, the density-matrix analysis of [28] has demonstrated that, under the condition Ω = π/2τ and in presence of laser induced decoherence, in contrary to the modified Hyper-Ramsey scheme [24] , the GHR(π/4) or GHR(3π/4) phase-step modulation schemes do not exhibit additional parasitic shifts when the residual offsets are perfectly well compensated.
In conclusion, we propose a new ultra-stable laser frequency stabilization scheme based on Generalized HyperRamsey spectral resonances with different phase-step modulations that strongly reduce the probe induced frequency shift and produce a strong immunity against laser intensity variations to a high degree of robustness. Compared to the modified Hyper-Ramsey method of [24] , the synthesized error signal is derived from spectra acquired with different phase-steps in the intermediate π-pulse allowing a complete suppress of light shifts related to the excitation pulses. The application of the present frequency locking technique will really boost metrological performances of all types of quantum clocks. In particular our laser frequency locking technique may have a direct impact on the next generation of quantum clocks with bosonic species for probing completely dipole forbidden atomic transitions suffering from important ac Stark-shifts [6, 10, 12, 21] .
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